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1. 

 

The universally integrable problem of three vorti-
ces [1, 4–6] has attracted the interest of researchers for
over one hundred years [6]. This is not associated only
with the vortex problem in itself but also has numerous
analogies in the mechanics of solids, astrophysics, the
dynamics of superfluid helium, and mathematical biol-
ogy [1, 5]. A new peak of interest in this problem was
stimulated by the discovery of so-called three-polar
structures [13], i.e., symmetric triples of vortices
(
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, 2
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, –
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) and by later observation of their spontane-
ous origin from chaos [12]. In most studies [1, 4–7, 10,
12–15], the dynamics of vortices was analyzed in the
framework of the homogeneous-fluid model. At the
same time, the geophysical problems (some of them
were discussed in [2, 3, 8, 11]) are characterized by
noticeable density stratification. In this paper, we ana-
lyze the problem of three vortices that exist in a two-
layer fluid and have zero total intensity.

 

2. 

 

We take the following assumptions: (i) the upper
and lower layers have equal thickness values (

 

h
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 =
1/2) and the densities 

 

ρ
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 and 

 

ρ
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 in the layers satisfy the
condition 
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 > 0; and (ii) one vortex with an

intensity  corresponds to the upper layer, whereas

two vortices with intensities  and  are located in
the lower layer. The complex form of equations of
motion for three discrete vortices in two immiscible
fluid layers rotating with a constant angular velocity
(in the presence of a hard cap on the upper surface) is
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Here, 

 

 =  + 

 

i

 

 is the complex coordinate of the

 

m

 

th vortex in the 

 

n

 

th layer; the overbar implies complex
conjugation; the parameter 

 

γ

 

 is inversely proportional
to the Rossby internal deformation radius

 

K

 

k

 

 is the 

 

k

 

th-order modified Bessel function of the sec-
ond kind; 

 

g

 

 is the acceleration of gravity; and 

 

f

 

 is the
Coriolis parameter equal to the double angular velocity
of the fluid-plane rotation about a normal to this plane.
According to assumption (ii) above, the variable 

 

m

 

 in
Eq. (2) takes the values 1 and 2. Thus, Eqs. (1), (2) are
the set of ordinary differential equations that should be
complemented by initial conditions for the original
coordinates of all three vortices.

The set of Eqs. (1), (2) can be represented in the
standard Hamiltonian form with the Hamiltonian
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where 
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|

 

 – 

 

|

 

. In addition to Hamiltonian (3),
the original set has the first integrals for the momenta

and the angular momentum

whose values are evidently determined by the initial
conditions.
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It is easy to verify that the invariants H, M, and
P ·  are in involution, and therefore set (1), (2) always
has a regular solution [1, 4].

In what follows, we assume that the total intensity of
vortices is zero and

(4)

Thus, the upper-layer vortex is attributed to the anticy-
clonic vorticity compensated by the two cyclones in the
lower layer.

3. We now assume that P ≠ 0. In this case, the rela-
tive motion can be analyzed in the trilinear coordinates
[1, 7, 15]

which possess the obvious property

In the plane specified by the coordinates t1, t2, t3 (whose
meaning is illustrated in Fig. 1a), it is necessary to sep-
arate so-called physical regions where the triangle ine-
quality is satisfied. Under condition (4), this implies
that
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In the trilinear coordinates, the isolines of Hamilto-
nian (3) coincide with those of the function

In essence, these isolines are the phase trajectories for
the relative motion of the three-vortex system under
consideration and are shown in Fig. 1 for P = 1.7.

The basic general properties of the phase curves are
the following.

(I) All the phase curves start and finish at the physi-
cal-region boundary. Therefore, all relative motions of
vortices are periodical, and vortices pass through two
collinear positions during a period. From this, it follows
that exhaustive information on possible motions of the
system of vortices can be acquired from the initial con-
dition for three vortices being located in the same
straight line.

(II) Possible motions for the system of three vortices
can be classified into three qualitatively different types
according to the initial collinear configuration of vorti-
ces.

(III) The phase portrait can have singular points of
elliptic (e) and hyperbolic (h) types (see Fig. 1b).

(IV) The phase curves are symmetric about the
straight line t2 = t3 , because the variables t2 and t3 are
proportional to the distances squared between the anti-
cyclone of the upper layer and equivalent (with each
other) cyclones of the lower layer.
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Fig. 1. (a) Phase portrait of the relative motion for a three-vortex system in a two-layer fluid under conditions (4) and P = 1.7. Thick
lines are separatrices that separate the regions of different types {1}, {2}, and {3} of interactions between the vortices. The dark
region is the nonphysical region of the phase plane (axes of trilinear coordinates are also shown). (b) The same as in Fig. 1a with
the singular points indicated. Squares and circles on the boundary of the physical region correspond to the coordinates of the rep-
resentation points in the phase space for the original configurations of the vortices in the numerical calculations presented in Figs. 2
and 3, respectively.
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The phase portraits (we present here only one exam-
ple for a particular value of the system momentum) pro-
vide total information on the relative motion of the sys-
tem of vortices. However, it is known that this analysis
does not reveal all characteristic properties of the abso-
lute motion of vortices [5]. Below, the basic features of
the vortices are analyzed on the basis of numerical cal-
culations. We also present the trajectories of vortices,
indicating (by markers) their synchronous collinear
positions additionally marked by segments passing
through these positions. Without loss of generality, the
original positions of vortices are attributed to the x-axis.

We take  =  = 0 (one of the lower-layer vortices is

exactly under the upper-layer vortex) and  ≠ 0 as the
simplest (reference) original positions of the vortices

, , and , respectively. In this case, the momen-
tum P of the system of vortices is completely deter-

mined by the initial vortex position . At the same
time, the sets of coordinates

(5)

conserve the given P value for all x0 . An arbitrary set of
numerical experiments with initial conditions (5) for

fixed  corresponds to a specific phase portrait (e.g.,
that presented in Fig. 1). In what follows, we also use

the notation X0 = γx0 and  = γ  along with x0 and

.

The trajectories and vortices (for their collinear
positions) are shown in Figs. 2 and 3 by solid lines and

triangles for the upper-layer vortex , by long dashes

and circles for , and by short dashes and squares for

. The size of a marker is proportional to the intensity
of the corresponding vortex. We imply the upward
translational motion everywhere. In figure captions, the
notation t = (t1, t2, t3) is used.

4. Figure 2 shows characteristic examples of
motions for each of three types.

For type {1} (see Fig. 2a), the interaction between
the lower-layer vortices is predominant. The system of
vortices moves in the direction perpendicular to the x-
axis. In this case, the anticyclonic vortex of the upper
layer undergoes small periodic deviations from the rec-
tilinear motion. The lower-layer vortices revolve in the
cyclonic direction around a certain center moving
translationally so that the vortices change their places
in the collinear positions for each half-period.

Motions of type {2} are characterized by dominat-
ing interactions between the upper-layer vortex and one
of the lower-layer vortices, which was initially located
closer to the upper-layer vortex.
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According to Fig. 2c, solutions of type {3} are fea-
tured by anticyclonic revolutions of all three vortices.
This is caused by the defining role of the upper-layer
vortex.

The cyclicity periods for vortices in the upper and
lower layers relate to each other as 1 : 2 for motions of
types {1} and {3}, whereas these periods coincide in
the case of type {2}. This difference is explained by the
fact that each phase curve of types {1} and {3} is mirror
symmetric, whereas the curve of type {2} is asymmetric.

(a) (b) (c)

Fig. 2. Trajectories of absolute motion for P = 1.7. The ini-

tial conditions are specified by Eqs. (5) for  =  = 0;

 = 1.7; X0 = (a) –0.3, (b) –0.2, (c) 1.1; and (a) t =
(−1.2561, 4.0692, 0.1869), (b) (–1.7543, 4.6713, 0.0830),
and (c) (–15.7889, 16.2768, 2.5121).
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Fig. 3. The same as in Fig. 2, but for (a) X0 = –0.6,
(b) 0.2062, and (c) 0.9611 and (a) t = (–0.2595, 2.5121,
0.7474), (b) (–4.6321, 7.5438, 0.0883), (c) (–13.6197,
14.7020, 1.9177).
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The examples of phase curves presented in Fig. 2
correspond to the conditions when they pass far from
the separatrices and singular points. However, the sta-
tionary solutions corresponding to singular points are
of the most interest.

In the vicinity of the singular point e1 , the lower-
layer vortices approach each other at an infinitesimal
distance and should orbit a common center with a (the-
oretically) infinite angular velocity. In this case, inter-
layer interaction is manifested almost exclusively as the
linear displacement of the entire configuration. In
essence, the limiting-case structure is equivalent to a
two-layer pair of vortices of intensities –2κ and 2κ in
the upper and lower layers, respectively. The motion
with characteristics close to those described above is

exemplified in Fig. 3a, where γ  = 0.5 is not small.
(The lower-layer vortices undergo 66 revolutions dur-
ing the calculation time; to avoid overloading, we mark
in the figure only the original and final collinear posi-
tions of the vortices.) With a decrease in the original
distance between the lower-layer vortices, the pattern
becomes less instructive. For this reason, the results of
corresponding calculations are not presented.

We now consider a point e2 belonging to the bound-
ary of the physical region (see Fig. 1b). As is known [1],
the collinear three-vortex configurations corresponding
to such singular points should revolve around the vor-
ticity center. The presence of these elliptic points under
the condition of the zero total intensity of the system is
a remarkable (and surprising) property of the two-layer
configuration. Since, in this case, the vorticity center
moves to an infinitely far point, the collinear configura-
tion of the three vortices, as a pair of vortices, should
move uniformly and rectilinearly in the direction nor-
mal to the straight line in which vortices lie (a corre-
sponding example is shown in Fig. 3b). This configura-
tion, naturally referred to as a triton, can be the simplest
example of the vortex structures referred to as a modon
with a raider [9].

A hyperbolic point h apparently corresponds to the
unstable solution associated with the translationally
moving configuration in the form of an isosceles trian-
gle (t2 = t3). This configuration is illustrated in Fig. 3c
exhibiting trajectories of the vortex-structure motion
for which the representation point in the phase plane is
originally located at the boundary of the physical
region near the separatrix. The markers (positions of
vortices) and segments connecting them in this figure
indicate not only collinear but also other synchronous
intermediate vortex configurations for time intervals
during which the representation point resides in the
vicinity of the intersection point h of the separatrices.
These unstable configurations obviously cannot be
long-lived. As is seen in this figure, they periodically
rearrange with alternation of the mutual positions of the
lower-layer vortices after passing through collinear
states.

d22
12

5. The general conditions for the existence of these
stationary solutions for an arbitrary momentum value
of the system are the following.

5.1. Triangular configuration. From Eqs. (1) and
(2), it is easy to derive the condition for the existence of
the rectilinear motion of this vortex structure:

(6)

with L = γl, where l is the length of the lateral side of
the isosceles triangle, as well as the expression for the
velocity of this structure in the y direction parallel to the
base of the triangle:

(7)

Equation (6) can be treated as a dispersion equation
relating the length of the triangle lateral side to the
angle ϕ adjacent the base. Equation (6) has a (unique)
solution L(ϕ) only in the interval |ϕ| < π/3; i.e., the tri-
angle cannot be equilateral (more exactly, the limiting
value |ϕ| = π/3 is an asymptotic one as L  ∞ and
|V |  0).1 The velocity of the triangular structure
coincides with that of a certain hypothetical pair con-
sisting of vortices located in different layers, having
intensities –2κ and 2κ, and spaced by the distance
equal to the height of the corresponding isosceles trian-
gle. Figure 4a shows the dispersion curve L(ϕ) and V(ϕ)
(7). For ϕ = 0, we have V = 0, and L takes the value L0 =
0.8602 at which the degenerate (to the segment) sym-
metric three-vortex configuration is stationary. The
extremal values of V are attained for |ϕ| = 0.82π/3 and
L = 1.874.

5.2. Collinear configuration. We now denote as A

and B, respectively, the quantities  and  that are
proportional to the original distances between the

upper-layer vortex (for  = 0) and its partners from
the lower layer. From equations of motion (1), (2), we
obtain the following conditions for the uniform motion
of the entire configuration as a rigid body along the
y axis:

(8)

This equality can also be treated as a dispersion equa-
tion relating the geometric parameters of the solutions
in the form of the translational collinear configurations.
The translational velocity is expressed as

(9)

1 In the homogeneous fluid [10], a similar stationary state is the
configuration in the form of an equilateral triangle with an arbi-
trary side length.
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Figure 4b demonstrates dispersion curve (8) and
vortex-structure velocity (9). In the asymptotic limit as
A  0 or B  0, i.e., when the coordinates of a
lower-layer vortex coincide with those of the upper-layer
vortex, we have, respectively, B  ∞ and A  ∞.
This implies that the second vortex in the lower layer is
infinitely far away. The limiting velocity of the config-
uration also tends to zero but takes extremal values for
A/B and B/A = 0.0075. The condition A < B (A > B) leads
to V < 0 (V > 0). For A = B, the velocity reverses its sign.

In this case, the conditions  =  = L0 are satisfied
with the same value of L0 , which is observed when the
triangular configuration with the symmetric location of
the cyclonic vortices degenerates with respect to the
upper-layer anticyclonic vortex (see Section 5.1).

6. In conclusion, we emphasize that, in the present
study, modes intrinsic to the problem of a system of
three vortices in a two-layer rotating fluid with layers of
identical thickness values are classified for the case

X2
1 X2

2

when the total intensity of the system is zero and the
lower-layer vortices are equivalent to each other. New
stationary solutions are obtained, and general condi-
tions for their existence are found.
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